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Abstract. We consider the minimal boundedly-translation-invariant Segal 
algebra Sq(G) in the Figa-Talamanca-Herz algebra A P (G) of a locally compact 
group G. In the case that p = 2 and G is abelian this is the classical Segal 
algebra of Fcichtinger. Hence we call this the Fcichtingcr-Figa-Talamanca- 
Herz Segal algebra of G. Remarkably, this space is also a Segal algebra in 
L 1 (G) and is, in fact, the minimal such algebra which is closed under pointwise 
multiplication by A p (G). Even for p = 2, this result is new for non-abclian 
G. We place a p-operator space structure on Sq(G), and demonstrate the 
naturality of this by showing that it satisfies all natural functiorial properties: 
projective tensor products, restriction to subgroups and averaging over normal 
subgroups. However, due to complications arising within the theory of p- 
operator spaces, we are forced to work with weakly completely bounded maps 
in many of our results. 



1. Preliminaries 

1.1. Motivation and Plan. In IT] . Feichtinger devised for any abelian group G, a 
Segal algebra So(G) in L 1 (G) which is minimal amongst those Segal algebras which 
admit uniformly bounded multiplication by characters. Taking the Fourier trans- 
form, this may be realised as the minimal Segal algebra in the Fourier algebra A(G) 
which admits uniformly bounded translations. Replacing G by G, for any locally 
compact group G, and then A(G) by certain spaces of locally integrable functions B, 
Feichtinger (pj]) discussed the class of minimal homogeneous Banach spaces B mm . 
Amongst the allowable spaces discussed in jT^] are the Figa-Talamanca-Herz alge- 
bras A p (G), for 1 < p < oo of [JS] and, in the abelian case, [T3]. In this paper we 
discuss Sq(G) = Ap(G) m i n , which we call the p-Feichtinger~Figa-Talamanca-Herz 
Segal algebra of G, or simply p-Feichtinger algebra for short. 

For p = 2, the theory of operator spaces may be applied to S§(G), as was done 
by the second named author in |29j . This is particularly useful because it gives, for 
two locally compact groups G and H, a projective tensor product formula 

$l{G)® 2 Sl{H) = Sl(G x H) 

where <g) is the operator projective tensor product of Effros and Ruan (j9]). This, 
of course, is in line with their tensor product formula for preduals of von Neuman 
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algebras, and hence for Fourier algebras (op. cit.) Losert ([22]) showed that, in 
general, the usual projective tensor product of two Fourier algebras is not a Fourier 
algebra. 

In the general case that 1 < p < oo, various attempts have been made to un- 
derstand properties of A P (G) via operator spaces. See [27] and [18], for example. 
Following the lead of Pisier ([21]) and Le Merdy ([2Q]), Daws studied properties 
of A p (G) using p-operator spaces in [5]. We summarise many of Daws's results in 
Section [L2"l Daws's work was followed by An, Lee and Ruan (PQ), where approx- 
imation properties were studied. For p / 2 this theory has many features which 
make it more difficult than classical operator space theory. For example, there is 
a natural p-operator space dual structure, modelled on the dual operator space 
structure of [2]. However, it is not, in general, the case that the natual embedding 
into the second dual, Ky : V — > V**, is a complete isomctry. See the summary in 
Proposition 11.11 below. Even in cases where Ky is a complete isometry, it is not 
clear that a map S 1 , for which S* is a complete isometry, is itself is a complete 
quotient. These facts forced Daws to express many results of his as simple isomet- 
ric results, and hence forced An, Lee and Ruan to do the same. In Section 11.31 
we make a modest augmentation to this, and devise a theory of weakly completely 
bounded maps, hence of weakly complete quotient maps, to refine this theory. In 
particular we see that Daws's tensor product formula, for amenable G and H , 

A P (G)® P A P (H) £ A p {G x H) 

is really a weakly completely isometric formula. 

Many of the issues discussed above make certain matters of even defining the p- 
operator space structure on Sq(G) more daunting than in the p = 2 case. However, 
there is value in this exercise as it has forced us to devise much more elementary 
— though harder — proofs, than were found in [29) . In many ways, these results 
shed new light on the p — 2 setting. We justify this effort with our tensor product 
formula in Section 13.11 Moreover, we show the naturality of this p-operator space 
structure by demonstrating a restiction theorem in Section 13.21 and an averaging 
theorem in Section [3.3l However, all these results live in the category of p-operator 
spaces with morphisms of weakly completely bounded maps. 

We also highlight a result which does not use operator spaces, and is new even 
for p — 2 when G is non-abelian. Sq(G) = A p (G) m ; n is the minimal Segal algebra 
in L 1 (G) which admits pointwise multiplication by A p (G). This is Theorem 12.71 

1.2. p-Operator spaces. We use the theory of p-operator spaces as presented by 
Daws [5]. We shall also use the paper of An, Lee and Ruan Q], and the thesis of 
Lee pi]. 

Fix 1 < p < oo and let p' be the conjugate index given by ^ + y — 1. We let 
£P denote the usual n-dimensional £ p -space. An p-operator space structure, on a 
complex vector space V, is a family of norms {||-||„}^Li, each on the space M„(V) 
of n x n matricies with entries in V, which satisfy 

= max{||«|| n , \\w\\ n } 

n+m 

(M p ) \\avp\\ n <\\a\\ B{en) \\v\\ n \\p\\ Bm 



(D) 



v 
w 
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where v G M„(V), w G M m (V) and a,/3& M n , the scalar n x n-matricies which we 
hereafter identify with B(^). We will call V, endowed with a precscribed p-operator 
space structure, a p-operator space. 

A linear map between p-operator spaces T : V — > W is called completely bounded 
if the family of amplifications TW : M„(V) -> M„(W), each given by T (n) [i>y] = 
[Tujj], is uniformly bounded, and let ||T|| b = sup, igN ||r(")||. Moreover we say 

that T is a complete contraction, or a complete isometry, if each T^™' is a contrac- 
tion, or, respectively, an isometry. As proved in [MJ[5D], given a p-operator space 
V, there is a subspace E of a quotient space of some L p -space, and a complete 
isometry tt : V -> Here M n (B{E)) S £(££ ® p £), isometrically, where (g> p 

signifies that the tensor product is normed by the identification i p n <g> p E = £ p (n, E). 
We shall say that V acts on L p , if there is a competely isometric representation of 
V into B(L P (X, /j,)) for a measure space {X, p). 

We briefly review the significant structures of p-operator spaces, as identified 
by Daws. If V and W are p-operator spaces, the space CB P (V, W) of completely 
bounded maps between V and W is itself an operator space thanks to the isometric 
identifications M n (CB p {V, W)) = CS P (V,M„(W)). Each bounded linear functional 
/ in V* is automatically completely bounded with ||/|| pcb = ||/||, and hence we 
have M„(V*) = CB p (V,M n ). We record the following vital observations [5, Thm. 
4.3 & Prop. 4.4]. 

Proposition 1.1. (i) If S : V -> W is a complete contraction, then S* : W* — > V* 
is a complete contraction. 

(ii) A dual p-operator space acts on L p . 

(iii) The cannonical injection Ky : V — > V** is a complete contraction, and is a 
complete isometry if and only if V acts on L p . 

Given a vector space V whose dual is a p-operator space, we let Vd denote V with 
the "dual" p-operator space structure, i.e. that space which makes Ky : V — > V** a 
complete isometry. 

Corollary 1.2. Let V and W be p-operator spaces such that W acts on L p . Then 
CB P (V,W) — CB p (Vd,W) completely isometrically. 

Proof. We have that 

(1.1) S = KyV O S** O Ky 

where the left inverse kw ■ kw(W) -> W is a complete isometry, by vitrue of (iii) 
in the proposition above. In other words S factors through Vd — Ky(V). It follows 
that S : V — > W is a complete contraction exactly when S : Vd — > VV is a complete 
contraction. Hence CB p (V,yV) — C£> p (Vd,W) isometrically. Replacing W with 
M„(W), for each n, demonstrates that this is a completely isometric identification. 

□ 

The quotient structure is of particular interest to us: if W is a closed subspace 
of V then we identify, isometrically M n (V/W) = M„(V)/M„(W). A linear map 
Q : V — > W is a complete quotient map if the induced map Q : V/kerQ -> W is a 
complete isometry. 

For convenience, we let V and W be complete. Thanks to Daws [S], we have a 
p-operator projective tensor product <g) . It obeys the usual functorial properties: 
commutativity: the flip map E : V® P W — > W® P V is a complete isometry; duality: 
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(V<8> P W)* = CB P (V,W*), completely isometrically; and projectivity: if Vi C V 
and Wi C W are closed subspaces, then (V/Vi)(8> P (>V/yVi) is a complete quotient 
of V<g> P yV. We will have occasion to consider the non-completed dense subspace 
V ®Ap VV, which is the algebraic tensor product of V with W, with the inherited 
p-operator space structure. 

Given a measure space (JT, /i) we let 

N*Oi)=A/-(I/(M))si/M ®^ 

denote the space of nuclear operators on L p (/i). Here, ® 7 denotes the projective 
tensor product of Banach spaces. We note that N p (//)* = B(L p (/j,)), from which 
N p (fj,)* is assigned the dual operator space structure. We record the following, 
whose proof is similar to aspects of [5] Prop. 5.2] and will be omitted. 

Proposition 1.3. If Y is a non-fi-null subset of X , the N p (/x|y) is a completely 
contractively complemented subspace of N p (/i) . Hence for any operator space V , 
N p (//|y)® V identifies completely isometrically as a subspace o/N p (/i)<|) V. 

For a p-operator space V, structures related to infinite matricies, M DO (V), and 
infinite matrices approximable by finite submatricies, Koo(V), were worked out in 
[15] . with details similar to PH §10.1]. For S in CB p (V,W) we define the ampli- 
fication S^ 00 ) : Moo(V) — > M 00 (W) in the obvious manner. We observe that S 
is completely contractive (respectively, completely isometric) if and only of S^ 00 -* 
is contractive (respectively, isometric); and S is a complete quotient map if and 
only if S^^Ik (v) i s a quotient map. We will call S a complete surjection when 

S (oo) 

Ikoo(V) i s a surjection. An application of the open mapping theorem shows 
that this is equivalent to having that the operators are uniformly bounded 
below. 

1.3. Weakly completely bounded maps. Various constructions that we require 
will not obviously respect completely bounded maps. However, they may be for- 
mulated with the help of a formally more general concept. A linear map between 
p-operator spaces S : V —> W will be called weakly completely bounded provided 
that its adjoint S* : W* — > V* is completely bounded. We have an obvious simi- 
lar definition of a weakly completely contractive map. Thanks to Proposition ll.il 
any complete contraction is a weakly complete contraction, and the converse holds 
when V and W both act on LP (i.e. Kyv o S ~ S** o k v ). We will say S is a weakly 
complete quotient map if S* is a complete isometry. Thus a weakly complete isom- 
etry is an injective weakly complete quotient map. It is shown in [5j Lem. 4.6] that 
a complete quotient map is a weakly complete quotient map. Due to the absence 
of a Wittstock extension theorm — i.e. we do not know if £>(£ p ) is injective in the 
category of p-operator spaces — we do not know if a weakly complete quotient map 
is a complete quotient map, even when V acts on LP . 

We say that a dual p-operator space V* acts weak* on L p , if there is a weak*- 
continuous complete isometry V* ^ £>(L p (/i)) for some L p (/i). With this terminol- 
ogy, the following proposition uses exactly the proof of [5J Prop. 5.5]. 

Proposition 1.4. Let V be a p-operator space for which V* acts weak* on LP . 
Then id : V — » Vd is a weakly complete isometry. 

Our analysis of weakly completely bounded maps will be facilitated by some 
dual matrix constructions. Let N p = A/"(^ p ) = it 7 i v n . We let N„(V) denote 
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the space of n x n matrices with entries in V, normed by the obvious identification 
with V0 P N£. If T : V -> W is linear, we let N„(T) : N n (V) -> N„(W) denote its 
amplification which is identified with T ® id N p . The spaces and (V) are 
defined analagously, and so too is the map N co (T), for completely bounded T. 

Lemma 1.5. Let S : V — > W be a linear map between operator spaces. Then the 
following are equivalent: 

(i) S is weakly completely bounded (respectively, a weakly complete quotient 
map); 

(ii) there is C > such that for each n in N, ||N n (S')|| < C (respectively, N n (S) 
is a quotient map); 

(iii) N 00 (S') is defined and bounded (respectively, N 00 (5 I ) is a quotient map). 
Moreover, the smallest value for C in (ii), above, is US'*!! b . 

Proof. We have for, each n, the dual space 

(1.2) N n (V)* = (V®X)* £ CB P (V, B{P n )) S M n (V*) 

with respect to which we have identifications N n (S)* — S*^ 71 '. This gives us the 
immediate equivalence of (i) and (ii), as well as the minimal value of C in (ii). 

Proposition 11.31 shows that each N„(V) may be realised isometrically as the 
upper left corner of Noo(V). Let Nfi n (V) = U^Li N n (V), which is a dense subspace 
of Noo (V). Condition (ii) gives that N 00 (5)|N tin (v) ^ bounded by C (respectively, is 
a quotient map), hence N ao (S) is defined and is bounded (respectively, a quotient 
map), i.e. (ii) implies (iii). That (iii) implies (ii) is obvious. □ 

We will say that S : V — > W is a weakly complete isomorphism if S is bijective 
and both S* and (S^ 1 )* are completely bounded. We will further say that S is 
a weakly complete surjection if the induced map S : V/kerS — > W is a weakly 
complete isomorphism. The following uses essentially the same proof as |29[ Cor. 
1.2]. To conduct that proof in this context, we merely need to observe that (|1.2j) 
holds when n — oo, and appeal to the infinite matrix structures described at the 
end of the previous section. 

Corollary 1.6. (i) S is a weakly complete isomorphism if and only i/N 00 (S l ) is 
an isomorphism. 

(ii) S is a weakly complete surjection if and only ifN oc (S) is surjective. 

Weakly complete quotient maps play a very satisfying role with the p-operator 
project tensor product. 

Proposition 1.7. Suppose S : W — > X is a weakly complete quotient map of p- 
operator spaces. Then for any p- operator space V the map id (EDS' extends to a weakly 
complete quotient map from V<8> P W onto V® 'X, which we again denote \&®S. If 
S is a weakly complete isometry, then so too is id ®S. 

Proof. Under the usual dual identification, the map from CB P (V, X*) to CB P (V, W*) 
given by T h-» S* o T is the adjoint of id ®S : V <g> Ap W -t V ® Ap X. By assumption, 
S* is a complete isometry, hence so is T i— > S* o T. It follows that id (Els' extends to 
a weak complete quotient map. If S is injective, then each N„(id 0S 1 ) is an isometry 
on N n (V ® A p W), and hence extends to an isometry on the completion. □ 
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Given a family of p-operator spaces {Vijigj we put a p-operator space structure 
on the product by the identifications M„ (l°°-Q) teI Vi) = £°°-M n (Vi). It is readily 
verified that (D) and (M p ) are satisfied. 

The direct sum structure seems more subtle. We use an approach suggested in 
[251 §2.6]. We consider for [v k i] = ([vi,ki])iel in M n (^ 1 -0 iE .j-Vi) tne norm 



sup 



/JSjVj,ki. 



, Si e CB p {V l: >V), ||^|| pcb < 1 for i € 7 
where W is a p-operator space 

M„(W) 

We observe that ||[wij]|| n < J2k i=iJ2iei \\ Vi ^ kl W ano - hence is finite. Since both 
(D) and (M p ) hold in W, we see that this family of norms is a p-operator space 
structure on ^ 1 -© ie/ Vi. Moreover, it is trivial to see that this space satisfies the 
categorical properties of a direct sum, i.e. for complete contractions Si : Vi — > W, 
(ui)igj !->• X)ie/ ^ s a com pl e te contraction. In particular, we obtain an isometic 
identification 



(1.3) 



CB. P (V-0V 2 ,>V) ^e°°-^CB p (Vi,W). 



By taking n x n matricies of both sides for each n, we see that this is a completely 
isometric identification. In particular, (^ 1 -© ie /Vi) = i£/ V*, completely 
isometrically. (We are indebted to M. Daws for pointing us to this approach.) 

An alternative approach is to embed V, (^°°- ie/ V*)*, and then 

assign the dual operator space structure. If each Vi acts on L p , then each imbedding 
Vi (i 1 - ie/ H)^ is a complete isometry, by virtue of Proposition 11.11 (iii). 
Indeed, it is clear that each (VijD is, in turn, a complete quotient of (^ 1 -0 ig / Vi) D - 
Moreover, under the latter assumptions, (l 1 - © ie j Vi) n satisfies the categorical 
properties of a direct sum, for the morphisms of complete contractions, and hence 
gives the operator space structure on i 1 - ie7 Vi indicated above. 

We finally observe that N„ (^ 1 -0 lG/ V 4 ) = I 1 - 4e/ N„(V 2 ) weakly completely 
isometrically. Indeed, the dual spaces are completley isometric by virtue of (|1.2p . 
which gives us (TOJ) with W = B(£P). 

I. 4. Completely bounded modules and p-operator Segal algebras. Let A 

be a Banach algebra which is also a p-operator space, and V be a left ^.-module 
which is also a p-operator space. We say that V is a (weakly) completely bounded A- 
module if the module multiplication map my : A®/\ P V —> V is a (weakly) completely 
bounded map, hence extends to a (weakly) completely bounded map my : A® P V — > 
V. In particular, for each n, N„(mv) : N„(.A<£> P V) — > N„(V) is bounded. Since <§) P 
is a cross-norm, and N mn (.A(g) P V) = N m (A)® P N n (V) isometrically, we use Lemma 

II. 51 to see that for [a,j] in A and [ivy] in N„(V) that 

ll[o»j«i'j']|| Nmn (v) = ll N ™«( m v)Kj ll Nmn (V) 
( L4 ) < ll m vll P cb II K' ® v i'f]h mn (A®»v) 

< \\ m v\\pcb IHMIn^) IIK'j']IIn„(v) • 

Of course, the analagous inequality characterising a completely bounded ^.-module 
is well known: 

(1.5) ll[ a U^'j']ll M „ m (V) ^ H TO v|| pcb IIMIIm„(.A) IKj']ll Mm (V) • 
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We say V is a (weakly) completely contractive A-module provided ||wy|| pcb < 1 
(ll m vll P cb — ■'■)• There is an obvious extension of this to right and bi-modules. We 
say that A is a (weakly) completely contractive Banach algebra if A is a (weakly) 
completely contractive „4-module over itself. 

A first example of a completely contractive Banach algebra is CB P (V) — CB P (V, V) 
where V is a fixed p-operator space. Indeed for [ly] in CB p (V,M n (V)) and [SV/] 
in CB p (V,M m (V)) we have [Ty ° Sv?] = [Ty]™ o [#,,-,] in CB P (V, M„ m (V)) by 
which (|1.5|) is clearly satisfied. Now we embed £>(L p (p)) into CB p (B(L p (ii))) by 
left multiplication operators, realising B(L p (fi)) as a closed subalgebra. It follows 
that B(L p (fi)) is a completely contractive Banach algebra. In particular, if B is a 
weak*-closed algebra of B(L p (/j,)), then its dual space, hence its natural predual, is 
a completely contractive S-module. 

We observe that if A and B are weakly completely contractive Banach algebras, 
then A(k> P B is also weakly completely contractive. Indeed, we let £ : A<& P B — > 
B® 'A denote the swap map, and then we appeal to Proposition II .71 to see that 



is weakly completely contractive. 

Now suppose I is a left ideal in a (weakly) completely contractive Banach algebra 
A, equipped with an operator structure by which 

• X = Mi (I) is a Banach space, 

• the identity injection X <—i A is (weakly) completely bounded [contractive], 
and 

• X is a (weakly) completely bounded [contractive] ^.-module. 

Then we call X a (weakly) [contractive] p-operator Segal ideal in A. Given two 
(weakly) p-operator Segal ideals in A, we write X < J (respectively, X < w J) 
provided that X C J and the inclusion map X J is (weakly) completely bounded. 
Hence X is a (weakly) p-operator Segal ideal in J. A (weakly) [contractive] p- 
operator Segal ideal I = S*4 is called a (weakly) [contractive] p-operator Segal 
algebra in A provided that 

• S.4 is dense in A. 

Suppose I and J are two (weakly) p-operator Segal ideals of a completely con- 
tractive Banach algebra A, such that In J ^ {0}. We assign a p-operator space 
structure on X n J via the diagonal embedding into the direct product space, i.e. 
u i — > (u,u) : X n J X (Di^ J ■ It is straightforward to check that X n J is a 
(weakly) Segal ideal, in this case. 

1.5. Some applications of weakly completely bounded maps. In [5, Prop. 

5.3], the isometric identification 



is given. This identification is one of the key points of [5]. However, it is unkown 
to the authors if it is a completely isometric identification; see further discussion in 



m. 



'A® P B — ( m -4 ® m f?) ° ( ic U ®S <g> id B ) 



(1.6) 



ID P- 938]. 



Proposition 1.8. The identification fl.6\) is a weakly complete isometry. 
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Proof. Let us first assume that L P (V) = P n — L p (7„), where j n is the n-point 
counting measure. Then 

(N P ( M )® P N P )* = CB p {W{ii),B{ll)) - M„(N p (/x)*) 

S M„(B(L P ( M ))) = S(L*( M ) ® p ^) = S(L p ( M x 7n )). 

Hence the isomorphism N p O)<g> p N p ^ N p (^ x 7 „) of (T6]) is a weakly complete 
isometry. By Proposition ll.7[ the calculation above, and the isometric identification 
(|1.6[) . we establish isometric identifications 

W n ® p W(ii)® p W{v) S N p (/i x 7„)(§S P N p (i/) 

^ N P x 7 „ Xc) = N p x x 7n ) ^ NP(g) P N p (^ x i/). 

In other words, N„(N p (^)(g) P N p (^)) S N„(N p O x v)) isometrically for each n. 
Hence by Lemma fT75| as it applies to isometries, the identification ()1.6[) is one of a 
weakly complete isometry. □ 

We mildly extend some notation of I5i. If V C S(L P (») and W C B{W(v)) are 
weak*-closed subspaces, then V<8)W is the weak*-closure of V ® W in £>(L P (^) ® p 
L p (i/)) = B(L p (fi x j/)). Of course, the weak*-topology on B(L p (fij) is given by the 
identification B(L p (fi)) S N p (»*. 

Proposition 1.9. VKe ftaue tfetrf £(L P (^))®£(L P (>)) = £(L P (> x i/)). Moreover, 
ifVo C Z?(L p (/i)) and Wo C B(L p (v)) are subspaces with respective weak* -closures 
V and W, t/ien Vo <8> Wo is weak*-dense in V®W. 

Proof. We let n M denote the set of all finite collections ir — {Fi, . . . , Fi^i } of pairwise 
disjoint /i- measurable sets such that < (i(Fj) < oo for each j. It is straightforward 
to verify that each operator on L p (/i) given by 

is a contractive projection onto L p (^|7r) = span{ ^ F .\ lji, a space which is 

isometrically isomorphic to ^f,. Moreover, e 7r B(L p (/i))e 7r = £>(L p (^|-7r)). We write 
7r < 7r' in n^, if each set in 7r is the union of sets in 7r'; making into a directed 
set. Then, lim^ = I in the strong operator topology. Similarly we define H v and 
the associated projections on L P (V). 

Thus if T € B(L p (fi x z/)), for the product directed set we have \im^ ^^(e n <g> 
e 7r ')T(e Tr ® e^i) = T in the weak operator topology, and, since the net is bounded, 
in the weak*-topology as well. However, for each (71", n') we have 

(e„ ® e w /)T(e w ® «v) G#(L P (^) ® p L p (^|tt')) 

= B(L p (^|tt)) ® £(L P H^')) C £(L P ( M )) ® £(L p (z.)). 

Hence we see that T G B(L p (^))®£(L p (i/)). 

We turn now to the subspaces Vo and Wo- We observe that if T G £>(L p (z/)) and 
u) G N p (/i)£g> p N p (i/) with norm limit u) = limn^oo u) n , where each ui n G N p (/i) ® 
N p (i/), then 5 H- (S ®T,uj) = \im n ^ 00 (S ® T,ui n ) is a norm limit of functionals 
associated to N p (/i), and thus itself such a functional — in particular this functional 
is weak*-continuous. (See Lem. 6.1].) Thus V (g> W C Vo^Wo™*. Likewise 
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V®WcV®Wo . Hence V <g> W C V <g> W , and thus V®W C V O W . 
The converse inclusion is obvious. □ 

We note that for the predual V* = N p (/i)/Vj_, with W* defined similarly, both 
with either quotient or dual p-operator space structures, we have by Thm. 6.3] 
that (V*(§> P yV*)* = V®_fW. Here V® F W is a certain "Fubini" tensor product, and 
contains V®W. 

Corollary 1.10. // V C B(L p {p)), W C B(lP(v)) and X C B{W{p)) are weak*- 
closed subspaces, then 

(V®W)®X = V®(W®X) 
in B(W(jj.) ® p W{v) ® p 1/ (/))). 

Proof. We merely consider V <8> W <-f as a weak*-dense subset of either of the 
tensor closures in question. □ 

Let G be a locally compact group. As in the introduction, we let A p (G) denote 
the Figa-Talamanca-Herz algebra. It is well-known to have as dual space the p- 
pseudo-measures 

PM p = span\ p G (G) W * 

where \ P G : G — > B(L' P (G)) is the left regular representation. We remark that 
PMp(G) is contained in the p- convolvers 

CV P (G) = {Te B(L p (G)) : Tp p G (s) = p p G (s)T for s in G) 

where p G :G^ B(L P (G)) is the right regular representation. 

We recall that A P (G) is a quotient of N P {G) ^ V' (G) ® 7 L P (G), via P G , where 

We write A p (G)q when we consider the associated quotient structure vatiPq. 
Thanks to Lem. 4.6], the adjoint P G : (A p (G) Q )* ^ PM p (G) S(LP(G)), 
which is simply the injection map, is a complete isometry. Hence PM p (G) ad- 
mits completely isometric p-operator space structures as (A p (G)q)*, as it does as 
a subspace of 6(L P (G)). Thanks to Proposition 11.11 id : A p (G)q — > A p (G)d is 
a complete contraction, in general; and thanks to Proposition 11.41 it is a weakly 
complete isometry. It is known to be a complete isometry only when G is amenable 
(0 Thm. 7.1]). 

The following is a mild augmentation of aspects of [5j Theo. 7.3]. We maintain 
the convention of [5] of letting A p (G) = A p (G)d- 

Proposition 1.11. Let G and H be locally compact groups. The map u <8> v <— > 

u x v : A p (G)d) P A p (H) — > A p (G x H) is a weakly complete quotient map. It is 
infective exactly when A p (G)(K> P A p (iJ) is semisimple. 



Proof. We note that Proposition 11.71 allows us to use the quotient operator space 
structure, instead of the dual one. Consider the diagram of maps 

W(G)® P W(H) — ^ W(G x H) 



Pg®Ph 



Pgxh 



A p (G)q® p A p (H) q — A P (G x H) Q 
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where / is the map from (|1.6|) and J(u <E> v) = u x v. It is easily checked, using 
elementary tensors ® m) ® ££i(fj ® »#) in NP (G) O N p (i?), that 

PgxH ol = Jo (P g ® P H ) = J o (P G (g) id N p(ff)) o (id NP(G ) ®Pff) 

and hence 

kerP G (g) N P (P), N P (G) ® kerP H C kerP Gx H ° I- 
Thus by [SJ Prop. 4.10], kerP Gx #o/ Z> kerP G (g>Pf/, the diagram above commutes. 
Moreover, / is a weakly complete isometry, while P G (g> P# and PgxH are weakly 
complete quotient maps, so J is necessarily a weakly complete quotient map. 

We observe that <g) P is a cross norm on p-operator spaces which is easily checked 
to dominated the the injective norm, i.e. for contractive functionals / in V* and g 
in W*, / <g> g in (V® P W)* is contractive. Hence by [501 Thm. 2], the spectrum of 
A p (G)(8) P Ap(P) is G x H, and J is the Gelfand map. Thus J is injective if and 
only if A p (G)<S> P A p (H) is semisimple. □ 

In the proof of 5, Thm 7.3], it is shown that PM P (G)® F PM P (H) C CV p (GxP). 
Thus when PM p (G x H) = CV P (G x P), the map J, above, is injective. This 
happens when G and H are amenable. In is widely suspected that PM p (G) = 
CVp(G) for any G, but no proof nor counterexample is yet known. The equality is 
shown to hold for certain groups related to SL 2 (R) in [3] . It is suggested in [3] that 
when G is weakly amenable, or even when G posesses the approximation property, 
then PMp(G) = CV p (G). 

We observe the following partial improvement on [SJ Theo. 7.3]. 

Corollary 1.12. If G is discrete and has the approximation property, then 
Ap(G)<8> P A p (P) = A p (G x H) weakly completely isometrically . 

Proof. The results [TJ Thm. 5.2 & Prop. 6.2] tell us that A p (G) has the p-operator 
approximation property, in this case. Since both of A p (G) and A p (P) are regular 
and Tauberian, the assumptions of [30j Theo. 5] are satisfied, and its proof can be 
modified accordingly to show that A p (G)(8) A p (H) is semisimple. □ 

2. Construction of the p-Feichtinger Segal algebra 

2.1. A special class of ideals. A special class of ideals, which was defined for 
p = 2 in |29[ §3.3], plays an even more important role for A P (G) when p ^ 2. Thus 
we will discuss this class before defining the p-Feichtinger Segal algebra Sq(G). 

Fix a non-null closed subset K of G. We let Ik in L°°(G) denote the indicator 
function of K, and L P (K) = 1kL p (G). Similarly we denote L p (K) and hence 
N P (K). Using two iterations of Proposition IT73| we may identify N P (K) completely 
isometrically as a subspace of N P (G). Let Pk = Pg\np(k) and 

M P (K) = ran P K 

which is obviously a suspace of A p (G) = ranP G , though not necessarily closed. We 
let M p (K)q denote this space with the quotient p-operator space structure. 

We let V P (K) = (kcrP^ c B(L P (K)), which is the dual space of M P {K). By 
Proposition 11.41 M p (K)q = M p (K)d weakly completely isometrically. We will 
generally take the dual structure as the default p-operator space structure. We let 
X p = l/fAp (-)Ik : G — > B(L P (K)). We observe that if K is an open subgroup, then 
V P (K) C PMp(G) and is, in fact isomorphic to PM P (K). However, for a general 
subset K, there is no reason to expect that V P (K) is in PM P (G), nor is an algebra. 
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Lemma 2.1. (i) V P (K) is the weak*-closure of span Xp (G) . 

(ii) With dual structures, the inclusion A4 p (K) <—t A p (G) is a complete contrac- 
tion. 

(iii) If L is a closed subset of positive Haar measure in a locally compact group 
H, then V P (K)®V P (L) = V P (K x L) in B{W{K x L)). 

Proof, (i) Since Pk — Pg\np(k) and A p (G) is semisimple, we see that Xp(G)± = 
kerPx, hence (span Xp(G))± = keiPx- Thus, by the bipolar theorem, V P (K) = 

jr— -W* 

span Xp (G) 

(ii) Since PM p (G) = span Xf(G) W *, it then follows from (i) that V P (K) = 

l K PM p (G)l K . The map T h-> l K Tl K : PM p (G) -» V P {K) is a complete con- 
traction, and is the adjoint of the inclusion A4 P (K) <— s> A p (G). Thus by Proposition 
11.11 (hi), the inclusion is a complete contraction. 

(iii) In B{W(K x L)) = B{W{K) ® p W{L)) we have a natural identification 
spanA p ' xL (G) = spanAp^(G) ® spanA p (H). The left hand side has weak*-closure 
V P (K x L), by (i), above. Meanwhile, it follows (i) and Proposition II .91 that the 
right hand side has weak*-closure V P (K)®V P (L). □ 

We observe that (ii), above, is a generalisation of Prop. 7.2], and, in fact, 
gives a simplified proof. 

Theorem 2.2. For any closed non-null subset K of G, A4 P (K) is a contractive 
p-operator Segal ideal in A p (G). Moreover, supp .M p (-ftT) C K~ X K, so M p (K) is 
compactly supported if K is compact. 

Proof. Let Wk on L P (K x G) be given by 

W K T](s,t) = T](s,st). 

Then Wk is an invertible isometry with inverse Wx l ri(s,t) = T)(s,s-H). Thus we 
define a weak*-continuous complete isometry Tk ■ B(L P (K)) — > B(L P (K x G)) by 

T K (T) = W K {T»I)W^ 1 . 

We compute, exactly as [5] p. 70], that for t in G we have 

(2.1) T K {Xf (t)) = X«(t) ® Xf(t) = X^ G {t,t). 

In particular, T K {V P {K)) C V P (K x G) = V P (K)®FM P (G). 

Let S : V p (K)®PM p (G) -)■ (.M p (if)® P A p (G))* denote the inclusion map, which 
is weak*-continuous. Then we see for u in A p (G) and v in M. p (K) that 

(5 o r K (Af (t)), t> ® u) = (Af (t) ® A^(i), t, <g> u ) = v(i)u(t). 

Hence the map m : M. P {K)® h p (G) — ► A4 P (K) whose adjoint is to* = 8 o r^, is 
the multiplication map. We note that in the notation of (jl.ll) to = k M (us o to** o 
k ai (at)® p a (G) so TO i s completely contractive. It is shown above that the inclusion 
M P (K) °-> A p (G) is completely contractive. 

It is a simple computation that supp£ * fj C K~ X K for 77 in L P (K) and £ in 
L p (K). Hence suppP^cj C K^ 1 K for uj in N p (if); thus the same holds for v in 
M P {K) =ranP A -. □ 
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2.2. Construction of the p-Feichtinger Segal algebra. We construct the min- 
imal translation invariant Segal algebra Sq(G) in A P (G). Our construction is im- 
plicit in the general setting of |12j . However, we strive to find a the most natural 
p-operator space structure for Sq(G). 

Let us fix, for the moment, a compactly supported p-operator Segal ideal X in 
A p (G). A typical example of such an ideal is K p (G) = {u e A p (G) : suppu C K}, 
for a fixed compact set K with non-empty interior, which admits the subspace p- 
operator space structure. For any compact K of positive Haar measure, the ideal 
A4 P (K) from the section above will furnish a critical example. We define 

Qi:£ 1 (G)® p I^A p (G), Q X (S S <g> u) = s * u. 

We let (ranQj)Q denote this space with the operator space structure by which Qx 
is a complete quotient map, and (ranQz)_D this space with the dual structure by 
which k : (ran Qz).d —> (ranQi)Q** is completely isometric. We let 

Sg(G) = (ranQx)^ 

and call this the p-Feichtinger-Figa-Talamanca-Herz Segal algebra of G, or p- 
Feichtinger Segal algebra, for short. 

Theorem 2.3. (i) Fix a non-null compact subset K in G and let X = M P (K), 
so Sq(G) — (ranQ^D, where Qk = Qm p {k)- Then, in this capacity, Sq(G) is a 
contractive p- operator Segal algebra in A p (G). 

(ii) For any two non-zero compactly supported p-operator Segal ideals X and J 
of Ap(G), (ranQx)D — (^^Qj)d completely isomorphically. Hence Sq(G) is, up 
to complete isomorphism, independant of the p-operator Segal ideal. Moreover, it 
is a p-operator Segal algebra for any such ideal. 

Proof, (i) Using [23l Cor. 2.2], we have an isomtetric identification 

t{G)® P M p {K) = £\G) ® 7 M P {K) £ i 1 (G,M p {K)). 

On the other hand, we obtain a completely isometric description of the dual space 

(^(G^MpiK))* = CB P (£\G), V P {K)) = B(l\G), V P (K)) 

where the last identification is furnished by [231 Lem. 2.1]. Now the map T !->• 
(TStjteG gives the isometric identification 

B(£\G),V P (K)) ^l°°(G,V v (K))c.B{(?{G,V{K)) 

where the latter inclusion is one on operator-valued multiplication operators: 
{T t )t£G{j]t)t£G — (T t r]t)t<£G- This identification is a complete isometry since we 
have, for each n, isometries 

M n (B p {l\G),V p (K))) £ B p (e\G),M n (V p (K)) 

<* e°°(G,M n (V p (K)) S M n (£°°(G, V P (K))). 

Hence, we obtain completely isometric dual space identification 

(ran Q^) Q * = (kerQ^ C £°°(G, V P (K)) 

for which the inclusion map (kerQx)^ > £°°{G, V P {K)) is the adjoint of Qk '■ 
i 1 (G)® p A4 P (K) — > tsuiQk. In particular, {yoiiQk)q* — (kerQx) 1 - acts weak* on 
LP, and hence (ran Qk)q — (t&xiQk)d weakly completely isometrically, thanks to 
Proposition [TTU 
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Wc next let £ K (s) = (A^'(^ 1 s)) t( _ G in £°°(G,V P (K)), for s G G, and show that 

(2.2) (ker Qk)^ = spun e K {G) . 
Indeed, we easily compute for each (vt)teG m ^(G, Ai p (K )) that 

(e K (s), (vt)tec) = ^2 (Xp{t^ 1 s),v t ) = * v t (s) = Qic(vt)teG(s) 
tec tec 

so each £k{s) S (kerQ/f) 1 ^ and represents evaluation at s. Since A p (G) is semisim- 
ple, we have that sk(G)± = ker Qk, hence (spane^ (G))j_ = ker Qk, and thus 
(|2.2p follows from the bipolar thoerem. 
We next observe that 

(2.3) £°°(G, V P (K)) Si e°°(G)®V p (K) 

in B(£?(G, W{K))) = B(£ P (G) ® p IP(K)). Indeed let 1(G) be the space of finitely 
supported functions on G, and similarly denote t(G, V P (K)). Then £(G,V P (K)) = 
£(G)®V P (K) In B(t?(G,W(K))) ^ B{£P{G)® P W(K)). Taking weak*-closure gives 
(|2.3|) . thanks to Proposition [L9] Thus, by additionally appealing to Corollarv ll.101 
we have weak*-continuous completely isometric isomorphisms 

£°°(G,V P (K))®PM P (G) ^ £°°(G)®V P (K)®PM P (G) £ £°°(G, V P (K)®PM P (G)). 

We recall that Tk is dehncd in (12. ip . Wc dchnc 

A K : £°°(G, Vp(A-)) -> ^°(G, Vp(*0®PM p (G)) S £°°(G, V p (X))<g>PM p (G) 

by A K (T t ) teG = (I ® A£(t) r K (T t )) teG 

so Ax is a weak*-continuous contraction. We observe that 

A x ( ejr (*)) = (7 ® A«(i) r x (A^(t- 1 s ))) t£G 

= (Af (t- 1 *) ® A«( S )) t£G £S EJC («) ® A^(s) 

so it follows (J221) and PropositionQthat A^((kcr Qx)" 1 ) C (kcrg K ) ± ®PM p (G). 
Moreover, if we let S : (kex<2#) x <g)PM p (G) -> ((ianQ K ) D ® p A p (G))* denote the 
embedding, then we see for v in i&iiQk and it in A p (G) that 

(<5 o A^(ex(s)), v®u) = (S(s K (s) ® A p (s)), u ® it) = u(s)u(s). 

Hence, just as in the proof of Theorem 12.21 we see that Sg(G) = (ranQx)c is 
an ideal in A p (G) with completely contractive multiplication. We remark that the 
adjoint of the inclusion map vsjiQk A p (G) is 

T .-)• (ljc^Cr^TljfJteo : PM P (G) (kerQ^ c £°°(G, V P (K)) 

— indeed observe that this occurs on the dense subspace spanA p (G) — and this 
map is a complete contraction. Hence the injection map (raiiQ^D A p (G) is a 
complete contraction. 

(ii) First, we may assume that I < J. Indeed, we can find f in G for which 
t *In J 7^ {0}. We first replace X with t*I, where the latter admits a p-operator 
structure by which u 1 * u : I — > t * Z is a complete isometry. We then replace I 
by in J, where the latter has the operator space structure suggested in Section [L4l 
above. Thus the completely bounded injection X '—t J give a completely bounded 
injection i : £ 1 (G)® P Z <-» £ 1 (G)® P J. We have that Qj o i = Q x , and hence it 
follows that there is a completely bounded map I : (ranQx)Q — > (lanQj)Q. 
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We will first check that I is weakly completely surjective. Given an element [vij] 
in N 00 (ran(5j') and e > 0, we may find 

5 = 5 > [%'] G F(G)® p N oc ( l 7) £* N oc (F(G)® p l 7) 

such that 

Noo(Qj)(«) = [fij] and HvIIn^p^j) = XI H^'HInocC^) < llt^lliWranQj) + e - 

Thanks to [2£l Cor. 1.5], there are ti,...,t n in G and tti, . . . , u n in X for which 
m = X)ILi tk*v-k satisfies uv — v for u in JX We then have 

N 00 (Q J )(w) =N 00 (Q J ) (5^<y»<8[w«,Jj =X]N 00 (Q J ) ( ^<5 stfc ® Kife 1 *% s ] 

\s6G / fc=l \seG 

For each fc, we use the infite matrix version of (jl.4p to see that 

<5 stfe <g> [u fe t^T 1 * v ijtS ] 

<Chl\\xY.^ i i' s ^N 00 (J) < C \\ U l\\xi\\l V ij}\\n oa (xa,nQj) +£ ) 
sSG 

where G is the p-completey bounded norm of the adjoint of the multiplication map 
X® V J ->• X. Thus each £ seG <5 stfc <g> K^ 1 * ««,«] € N oo (0>(G)® p T). It follows 
that that [vij] S ranN 00 (Qi) = Noo(rani). We then appeal to Corollary 1 1.61 

We have established that (ranQx)Q = (ranQj)Q weakly completely isomorphi- 
cally. Hence, we can replace J by M. P (K), from (i) above. Thus (ranQx)g* — 
(ranQif)* = (kerQif)^ completely isomorphically, and the same holds for the sec- 
ond duals. Thus (ranQi)c = (t&tiQk)d completely isomorphically. It then easily 
follows that multiplication m : (ran Qx)d® A p (G) — > (ran(3j-)£> and inclusion 
(ran Qx) d A p (G) are both completely bounded. □ 

For a general p-operator Segal ideal X, in particular a contractive one, we 
have sacrificed contractivity in passing to the p-operator Segal algebra Sq(G) = 
(ranQx)z?- This may not be necessary but will require another familiar sacrifice. 
We have devised no method to show that Sq(G) = (raxiQx)D is a contractive 
p-operator Segal algebra in A p (G), though we suspect it must be the case. 

Remark 2.4. If it is the case that X is a compactly supported (weakly) contractive 
p-operator Segal ideal, then Sq(G) = (ranQx)Q is a weakly contractive p-operator 
Segal algebra. 

Indeed, first define an operator on ^(G)® P A p (G) = £ x (G,Ap(G)) by 

T(u s ) seG = (s~ 1 *u s ) seG . 

We observe, as above, that i x {G, A P (G))* S 1°°{G, PM p (G))c6(F(G, L"(G)). Hence 
£ 1 (G)(g> p Ap(G) = ^ 1 (G, A p (G))_d, weakly completely isometrically. We see that the 
map T, above, has adjoint T*(X s ) se G = (X s X p (s^ 1 )) se G- Thus we see that T is 
weakly completely contractive, in fact a weakly complete isometry. 

We now wish to show that the module multiplication map m : A p (G) (g>Ap 
(ranQx)Q — > (ran <2z)q is completely contractive. For brevity we let A p = A p (G), 



< Wi^h 1 *%>]| 
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i 1 = I [G) and Sq = (ranQx)Q, below. Consider the following diagram of contrac- 
tions, which are the obvious inclusion, "shuffle" or identification maps, when not 
otherwise indicated. 



N„(Aj,<gf.WX) 

N„(id®Q x ) 

N„(A P ® P SP) 



N„(A p ® Ap Sg) 

N„(m) | 



N„(Sg 



N(Qz) 



■N„(^(G,A P )® P I) 

N„(T(g>id) 

N„(^(G,A P )® P Z) 



N„(id<g>mx) 



in N„(A p ® Ap Sq). For any e > there is = Yk=i S 



(fc) 



(5 S ® v. 



,(*)i 



Note that mj : A p ® X — > X is the multiplication map. Fix u = E&Li u Tj' ® v lj 

,(*)' 



^(Ap^ 1 ^!) with ||«|| Nn( ^^i> x) < IMI N , i(ranQl ) +e, and each = £ 



sEG 



S * 



vW. If we follow v, in N n (A p ® F £ 



I), along the right side of the diagram 
= rrv- n >{v). Hence we see that 



(fe) (fc) 



and back to N„(Sq), we obtain ^3fc=i ■ < ; 

IK^MIn^^) " H U llN„(A p ^(ra„Q x ) Q )+e- 

We also wish to note that the inclusion (ranQi)g A p (G) is weakly completely 
contractive. For any n we have a contraction N Tl (£ 1 (G)(8) P I) — >■ N„(£ 1 (G)£g) P A p (G)) 
Moroever this contraction takes kerN„(Qi) into kcrN„(G;A p ) (here, Qa p ■ 
i 1 (G)<g) P A p (G) — > A p (G) is defined in the obvious way and is easily checked to be 
a surjective complete quotient map), and hence induces a contraction (ran Q;x)q — > 
A p (G) which is the inclusion map. □ 

We show that S P (G) is, in essence, the minimal Segal algebra in A p (G) closed 
under translations. This requires no operator space properties. 

Theorem 2.5. Let SA p (G) be a Segal algebra in A p (G) which is 

• closed under left translations: t * u £ SA p (G) for t in G and u in SA p (G); 

• translations are continuous on G: (4t*!i:G-> SA p (G) is continuous for 
each u in SA p (G); and 

• translations are bounded on G: sup tgG \\t * u|| SA < oo for u in SA p (G). 
Then SA p (G) D S P (G). 

Proof. By the uniform boundedness principle, the boundedness of translations 
means that sup tgG P* w IIsa — ^IMIsa f° r some constant G. The assumption 
that SA p (G) is a dense ideal in A p (G) implies that SA p (G) contains all compactly 
supported elements in A p (G); see [551 Cor. 1.4]. Hence any compactly supported 
closed ideal I of A p (G) is contained in SA p (G). Consider Sq(G) = ranQx- Then 
for u = J2teG^ * Vt m So(G), where J2t£G II w *IIa < °°> we have 



teG 



\\t*vt\\ SAp <cJ2\M SAp <cc> 



tec 



IHIa, < 00 

teG 
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where C is the norm of the inclusion SA P (G) ^ A P (G). Hence Sg(G) C SA P (G). 

□ 

2.3. The p-Feichtinger algebra as a Segal algebra in L 1 (G). As before, we 
shall always regard L 1 (G) as a p-operator space by assigning it the "maximal op- 
erator space structure on L p " , as in [23] . 

A p-operator space V acting on LP is a completely contractive G-module if there 
is a unital left action of G on V, (s, v) h- > s * u, which is continuous on G for each 
fixed v in V and completely contractive (hence completely isometric) for each fixed 
s in G. Thus, for each n, the integrated action / i— > [/ * Wy] is contractive, for each 
[t>ij] in M n (V), thus completely contractive. But then by (|1.5p . V is a completely 
contractive L 1 (G)-module. 

A Segal algebra S 1 (G) in L 1 (G) is called pseudo-symmetric if it is closed under 
the group action of right translations — t ■ f(s) = f(st) for a suitable function /, 
t in G and a.e. s in G — and we have t h- s- 1 • / : G — > S 1 (G) is continuous for / in 
S 1 (G). We remark, in passing, that S 1 (G) is symmetric if, moreover, the anti-action 
of convolution from the right — f *t = A(£)i -1 • / — is an isometric on S 1 (G). 

Consider the space S 1 A p (G) = L 1 (G) P\ A P (G). We assign it an operator space 
structure by the diagonal embedding in the direct sum u i— > (it, it) : S 1 A p (G) — > 
(L 1 (G) (Be 1 A p (G))d- Since each of these spaces has the dual operator space struc- 
ture, S 1 A p (G) injects completely contractively into either of L X (G) or A p (G). This 
space is obviously a completely contractive G-module, with left translation action 
(s,u) i— > s * it. Hence the discussion above provides that it is a completley con- 
tractive L 1 (G)-module. It follows that S 1 A p (G) is a contractive p-operator Segal 
algebra in L 1 (G). Moreover, the injection A p (G) c — > L°°(G) is completely con- 
tractive, since L°°(G) has the minimal p-operator space structure, which allows 
L 1 (G), via the predual action of multiplication by L°°(G), to be viewed as a com- 
pletely contractive A p (G)-module. Hence, (L 1 (G) (Be 1 A p (G))d is a completely 
contractive A p (G)-module with S 1 A p (G) a closed submodule. Thus S 1 A p (G) is a 
contractive p-operator Segal algebra in A p (G). We call S 1 A p (G) the p-Lebesgue- 
Figa-Talamanca-Herz algebra on G. The case p — 2 is studied intensely in |14j . 

Theorem 2.6. (i) Sq(G) is a pseudo-symmetric p-operator Segal algebra in L 1 (G). 

(ii) Given any compactly supported (weakly) p-operator Segal ideal I in A p {G), 
the map Q' x : L 1 (G)® P I — > Sq(G), Q'xif ® u) = f * u, is a weakly complete 
surjection. 

Proof, (i) It is standard that the actions of left and right translation are continuous 
isometries on A p (G), hence the actions s * (S t (B u) = 5 t (B s * u and s ■ (S t (B u) = 
6 t ® s-u on £ 1 (G)(g) P A p (G) =£ 1 (G) ® 7 A p (G) ^^(G,A p (G)) are easily seen to be 
continuous and completely isometric. Thus if we choose X = A^ (G), for a compact 
set K with non-empty interior, we see that Sq(G) = (ranQx)/} has continuous 
isometric translations by G. From the discussion above, we see that Sq(G) is a 
completely bounded L 1 (G)-module 

If we let I be any compactly supported closed ideal in the pointwise algebra 
S 1 A p (G), then I is a contractive p-operator Segal ideal in A p (G). Then, just as 
the last part of Remark 1 2. 4i we prove that the inclusion i : (ranQx)Q L X (G) is 
weakly completely contractive, and hence contractive as L 1 (G) acts on L p . 

(ii) If we follow the proof of [5^1 Cor. 2.4 (ii)], we find that (ranQj)Q = 
(ranQx)Q weakly completely isomorphically. □ 
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We do not know how to obtain a complete surjcction in (ii) above. 
The next result requires no operator space structure. It is the dual result to 
Theorem 12.51 It is new, even for the case of p = 2, for non-abelian G. 

Theorem 2.7. If S 1 (G) is any Segal algebra in L 1 (G) for which the point-wise 
multiplication satisfies A p (G) ■ S 1 (G) C S 1 (G), then S 1 (G) D Sg(G). 

Proof. Given any compact set K C G we can arrange a compactly supported ideal 
X in Ap(G) which contains a function which is identically 1 on K. Hence we can 
arrange such an ideal X for which I ■ S 1 (G) ^ {0}. Our assumption on S 1 (G) 
provides that I • S X (G) C S^G). Since Sg(G) is pseudo-symmetric we have that 



Sg(G) * (2-S 1 (G)) C Sg(G). Indeed, if u G Sg(G) and feI-S 1 (G), then 



Hence u*f G Sg(G). Also Sg(G) * (I • S X (G)) C Sg(G) * S X (G) C S X (G). Using 
the fact that Sg(G) contains a bounded approximate identity for L 1 (G), we see 
that {0} Sg(G) * (I • S^G)). Thus we see that {0} ^ Sg(G) * (2 ■ S 1 (G)) C 
Sg(G) n S^G). In particular Sg(G) n S X (G) is a Segal algebra in A P (G) which, 
being a Segal algebra in L 1 (G), satisfies the conditions of Theorem 12.51 Hence 
S 1 (G) D Sg(G) fl S 1 (G) D Sg(G). □ 



3.1. Tensor products. The realisation of the tensor product formula is, perhaps, 
the most significant reason to consider the operator space structure on Sg(G). In 
Proposition 11.111 we improved on the formula [SJ Thm. 7.3] only mildly, i.e. we 
acheived that A p (G)<S> A p (H) = A p (G x H) weakly isometrically when G and H 
are amenable, say, rather than simply isometrically. Hence we should not expect, 
at the present time, to do better with Sq(G)(S> p Sq(H). 

In [29j Thm. 3.1], the injectivity of PM2(G) for almost connected G was put 
to good use. Lacking any such property for p ^ 2, we are forced to return to the 
special ideals of Section 12.11 

Theorem 3.1. The map u®v i-4 uxv : Sg(G)® P Sg(#) -> Sg(G x H) is a weakly 
complete surjection. It is a bijection whenever the extended map A p (G)<8> P A p (-ff) — > 
A p (G x H) is a bijection. 

Proof. We fix non-null compact subsets K in G and L in H . Consider, first, the 
following commutating diagram, where all ideals M. v and all algebras A p have the 
quotient or dual operator space structure, which we know to be weakly completely 



u*f 




which may be regarded as a Bochner integral in Sg(G), as 




3. Functiorial Properties 
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isomorphic to one another. 
W(K)® P W(L) 



■W(K x L) 



Pk®Pl 



W{GWW(H) 

Pg®Ph 



M P {K)® P M P {L) 




■W(G x H) 



Pkxl 

■M P (K x L) 



Pgxi 



A p (G)® p A p (H) 



A P (G x H) 



Here weakly complete isometrics i and / are from (|1.6|) . j and J are given on 
their respective domains by ti ® t) 4 a x », and lk , ll and lkxl are completely 
contractive inclusion maps. The diagonal inclusion maps on the top are complete 
isometries thanks to Proposition [173] 

The inclusion kei Pq <8> Ph C ker Pq x h I is noted in the proof of Proposition 
11.111 Thus we have 

kerP K ®P L = {kerP G ® P H ) n (W{K)® P W{L)) 

C (kcrP GxH o/) n {W{K)® P W{L)) =kcrP KxL oi. 

Thus j : M P {K)® P M P {L) -> 7W P (X x L) is a weakly complete quotient map. 
Moreover, we see from this that j is injective provided that J is injective. 
Now consider the diagram 

l\G)® p M P {K)® P eiH)® 13 M P {L) i\G x H)® p M P {K x L) 



Qk®Ql 



S p (GxH) 



S p (G)® p S p (H) i 

where S = (id ®j) o (id <8>E (g> id), so 5 is a complete quotient map, and j(u ® v) = 
uxv. If we consider Sq(G) = ranQ^, then we know that Sq(G)q = Sq(G)d weakly 
completely isometrically. Since Qk ® Ql and Qkxl ar e complete quotient maps, 
and 

kerQ K ®£ 1 (H)(g>M p (L), I 1 (G) ® M P {K) ® ker Q L ckerQ KxL oS 

it follows that j is a complete quotient map in this diagram. Now if J is injective, 
and thus so too is j, we note that 

J o Q K <g> Q L = Q KxL o S : £ : (G) ® 7W P (X) ® ^(i?) ® -> A P (G x 

Thus, by taking closures, it follows that ker Qk ®Ql— ^^Qkxl ° S. Hence j is 
injective in this case. 

If we consider Sq(G) = ranQi for an arbitrary compactly supported p-operator 
Segal ideal, then we obtain that J is a weakly complete surjection or weakly complete 
isomorphism, depending on injectivity of J. □ 
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We remark that the identity operator on A P (G)®A P (H) extends to a contraction 
Ap(G) <8) 7 A p (H) — > A p (G)<8> A p (iT). We cannot guarantee that this map is injec- 
tive. In the case that p = 2,we do not know if this map is injective, unless one of the 
component Fourier algebras has the approximation property; say in the case that 
one of G or H is abelain or compact. When p ^ 2, then even if both G and H are 
abelain, we still do not know if this map is injective. In the second case, the map is 
unlikely to be surjective. However, we have no proof. If G is discrete, it is trivial to 
verify that Sq(G) = l l (G) completely isomorphically; indeed choose I = Cl{ e j in 
the construction of Sg(G). In this case we have S P (G)® P S P (H) = Sg(G) <8> 7 Sg(JJ). 
It seems likely that this is the only situation in which this tensor formula holds. 



3.2. Restriction to subgroups. Let H be a closed subgroup of G. We briefly 
recall that the restriction map u i— > u\h '■ &-2(G) Ai{H) is a complete quotient 
map since its adjoint is a certain *-homomorphism PM2(H) c — > PM2(G), hence a 
complete isometry. When p ^ 2, the fact that there is a natural complete isom- 
etry PM p (G) ^ PM p (H) is not automatic, and must be verified. Thankfully, [7J 
provides a proof which is easily modifiable for our needs. 

Fix a Bruhat function (3 on G ( 26, Dcf. 8.1.19]) and let q(x) = J H /3(xh)^j±dh 
for x in G for a fixed Haar measure on H. Then, by [26, (8.2.2)], there exists a 
quasi-invariant integral J G / H ■ ■ ■ dxH, such that we have an invariant integral on 
G, given for / e C C (G) by 



(3.1) 



f(x) dx 



f(xh) 
G/H Jh Q&h) 



dh dxH. 



By dominated convergence, this formula will hold for any compactly supported 
integrable function /. 

We will use the isometry U = U G : V{G) -> V{G), given by Uf = /— ^ which 

satisfies U^ 1 = U and UXp(-)U = p p , where p G is the right regular representation 
given by p°(a)f(t) = /(st)^w Thus if CV' p (G) = {T e B{V{G)) : TA^(-) = 
\$(-)T}, we have UCV P {G)U = CV' p (G). The map T h-> UTU : CV P (G) -> 
CVp(G) is evidently a weak*-continuous complete isometry for which UPM P (G)U = 
span (G) . 

The following is a modification of [7] and [B]. See also the treatment in [5]. 
We let Rh ■ A p (G) —> A P (H) denote the restriction map. Its existence was first 
established in [17j , with a simplified proof given in [6J . 

Theorem 3.2. There is a complete isometry i : CV P (H) — > CV P (G) such that 
i\pm p (h) = R*h- I n particular, Rh ■ A p (G) — > A p (H) is a weakly complete quotient 
map and a complete contraction. 

Proof. In order to make use of (|3.1|) as stated, we replace CV P (G) with CV p (G) 
and X p with p p . 

For a function (p on G and x in G we let (px(s) — (p(xs). Now for T in CV' p (H) 
and ip and ip in C C (G), we observe that the function 



7 l/p' 



7 1/P 



ip(xh) 
h q(xhy/P' 



T 



<P 
qVP 



H 



(h)dh 
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is constant on cosets xH, since T € CV' (if). Thus we may define l(T) by 



G/H 



H 



jl/p 



dxH. 



The fact that i(T)ip)\ < \\ip\ 



LP (G) 



ITI 



Ml 



Lp(G) 



will follow from a com- 



putation below. Hence t(T) defines a bounded operator on L P (G). Let us consider 
[Tij] in M n (CV' (if )). We observe that for [tp t ] and [ipj] in the column space C c (G) n 
that an application of Holder's inequality and the usual operator norm inequality 
give 



< 



'G/H 



,1/P' 



G/H 



H 



^3 



Jl/P' 



dxii 



i/p' 



dxii 



fp'(n,Lp'(ff)) 



< 



' G/H " 
' l^(^)| P ' 



;1/P 



j; 



1/p' 



1/P 



dxii 



£P(n,LP(iT)) 



dh dxH 



E 



|y»(a;/i)| ? 



i/p 



life-] II, *> (n.JjP 1 (G)) II Ml II Nil Cp (ra,LP(G)) 



g?/i duff 



hence t : CV' p (H) 



This Shows that \\^ n > [Ty] || Mr( ( B ( L p( G ))) - IIL^JjllM n (B(LP(G)))> 

£>(L P (G)) is a complete contraction. 

From this point, the proof of [7, pps. 73-75] or of §7.3, Theo. 2] can be 
followed nearly verbatim, with [ipj] and [tpi] in C c (G) n replacing ip and tp, and the 
norms from £ p (n, L p (G)) and £ p (n, L P (G)) on these respective columns in place of 
usual scalar norms; and T in CV' p (H) playing the role of p p (fj) (which is denoted 
Xq(h) by that author). Hence we have that l : CV'(H) — > B(L P (G)) is a complete 
isometry. 

It is shown in [8, §7.1 Theo. 13] that l{T) G CV' p (G). 

Accepting differences between our notation and theirs, it is shown in both [5] 
and [SI §7.8, Theo. 4] that R* H = i\u h pm p (h)u h (')- Thus it follows from Lemma 
11.51 that Rh '■ A P (G) — > A p (H) is a weakly complete quotient map, with either 
quotient or, thanks to Proposition 11.41 dual operator space structure. It follows 
from the factorisation Rh = &a (H) { l (Uh • Uh))** ^a p (G) that Rh is a complete 
contraction (with dual operator space structure). 

To get the "left" version, as in our statment of theorem, we simply replace 1 by 
U g l{U h -U h )U g . □ 



Unfortunately, we cannot determine if Rh ■ A p (G) 
quotient map, even when both groups are amenable. 



Ap(H) is a complete 
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The class of ideals M P (K) of Section 12.11 will play a special role in obtain- 
ing a restriction theorem on the p-Feichtinger algebra. We let {M p {K)\h)q de- 
note A4 p (K)\h with the operator space making this space a complete quotient of 
A4 P (K) via Rh- We then place on A4 p (K)\h the dual operator space structure, 
i.e. M P {K)\ H = {M P {K)\ H ) D . 

Lemma 3.3. Let K be a nonnull closed set in G . Then (A4 p (K)\h)q = (M p {K)h)d 
weakly completely isometrically. Moreover, A4 p (K)\h = (Ai p (K )\h )d is a contrac- 
tive operator Segal ideal in A p (H). 

Proof. Since \ p (h) = i(Ap (h)), for h in H, we have that 



keT(R H \ MpiK) )^ = \ k l{VM p (H))1k 

a space we hereafter denote by Vp{K). Hence (M P (K)\ H )* = Vp(K), and it 
follows from Proposition 11.41 that (M. p (K)h)q = (M. p (K)h )d weakly completely 
isometrically. 

The proof of Lemma O shows that V*(K X G) = (K)®l(PM p (H)) in 
B{W(G x G)) = B{W{G) &> W(G)). Moreover, substituting h in H for t in §TQ, 
we see that T k (l(PM p (H))) C V p (K)®l(PM p (H)). A straightforward adaptation 
of the proof of Theorem 12.21 shows that M p (K)\h = (A4 p (K)\h)d is a contractive 
operator Segal ideal in A p (H). □ 

Not knowing that Rh ■ A p (G) — > A p (H) is a complete surjection, we can hardly 
expect to do better for Sq(G). 

Theorem 3.4. The restriction map Rh : Sq(G) — > Sq(H) is a weakly complete 
surjection and is completely bounded. 

Proof. The first part of the proof of [29l Thm. 3.3] can be adapted directly to 
show that Rh(Sq(G)) C Sq(H). Thus it remains to show that Rh is a weakly 
complete surjection. We consider the Segal ideals M P (K) of A p (G) and M p {K)\h 
of A P (H), from the lemma above. In particular Rh '■ A4 P (K) — > M. p (K)\h is a 
weakly complete quotient map. Thus, he following diagram commutes, and has 
surjective top row and right column. 



Noo (Q K 1 1 1 ( H ) Mp ( jf) ) 



Noo (Sg(G)) ^oo(S p (H)) 



Hence the bottom row is surjective, and we appeal to Corollary 11.61 to see that 
Rh ■ Sq(G) — > Sq(H) is weakly completely surjective. 

Since we assign the dual p-operator space structure on the range space Sq(H), 
the usual argument, i.e. modelled after the factorisation (|1.1[) . shows that Rh is 
completely bounded. □ 

3.3. Averaging over subgroups. Given a closed normal subgroup N of G, we 
consider the averaging map rjv : C C (G) — > C C (G/N) given by TNf(sN) = J f(sn) dn. 
With appropriate scaling of Haar measures, rjv extends to a homomorphic quotient 
map from L^G) to V-(G/N). We wish to study the effect of t n on Sg(G). We first 
require the following result which will play a role similar to that of [29l Prop. 3.5]. 
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Lemma 3.5. Let K be a non-null closed subset of G. Then A4 P (K) is a completely 
contractive A P {G / N) -module under pointwise product, i.e. the product uv(s) — 
u(s)v(sN) for u in M P (K) and v in A P (G/N). 



Proof. This is a simple modification of the proof of Theorem l2.2l Indeed, we replace 
W K in that proof by W^ /N on L P {K x G/N), given by 

W% /N r](s,tN) = rj(s,stN) 

and then replace T K with T G/N : B(IP(K)) -> B{IP(K x G/N)), given by 

T G K /N {T) = wZ /N {T®I){wZ /N )-\ 
The rest of the proof holds verbatim. □ 

We now get an analogue of (29j Thm. 3.6]. The neccessity to consider only 
weakly completely bounded maps will arise in various aspects of the proof below. 

Theorem 3.6. We have that Tjv(Sg(G)) C %{H) and t n : Sg(G) -> Sg(fT) is a 
weakly complete surjection, hence a completely bounded map. 

Proof. The proof is essentially that of 29, Thm. 3.6]. Unfortunately, in order 
to highlight the aspects which require modification, we are forced to revisit nearly 
every aspect of that proof. We do, however, take liberty to omit some computational 
details which are simple modifictions of those in the aforementioned proof. 

First, we fix a non-null compact set K and show that rjy : M P (K) — > A p (G/N) 
is completely bounded. 

We show that t n (M p (K)) c A p (G/N). To see this we have that 

\\ t n\\ B (lp'(k),lp'(g/n) ^ inf ^supT N (\(p\ p )(sN) 1/p : ip 6 C c (G),<p\ K = lj < oo. 

Of course, this estimate makes sense with roles of p and p' interchanged. Motivated 
by the computation of \21\ p. 187] which shows that for compactly supported in- 
tegrable rj we have tjv(^) = [A g /tv t a'(^g 7 ?)] , we define 9m '■ V{K) — > L P (G/N) 
by 0jv(/) = ^-G/N T N(^-Gf)- Then indeed #/v admits the claimed codomain with 

\\ t n\\ B (lp(k).lp(g/n) < sup A G/w (siV)supA G (t~ 1 ) \\tn\\ b{L p {k) . Lp{g/n) < oo. 

Hence if £ G IP' {K) and n G U>(K) we have that 

t n (Z * V) = t n (0 * T N (f,) = t n (£) * [9 N (ri)} v G A P (G/N) 

and it follows that tn{M p (K)) C A p (G/N). Moreover, the support of t n {M p (K)) 
is contained in the image of K _1 K in G/N and is thus compact. 

We now want to see that tn ■ A4 P (K) — > A p (G/N) is indeed completely bounded 
We first observe that with the column space structure L P (G) C , and row space struc- 
ture L p (G) r of [20], we have a weakly completely isometric identification 

N P (G) = L p '(G) r ® p L p (G) c 

thanks to (TJ Prop. 2.4 & Cor. 2.5]. Moreover, [2 Prop. 2.4] shows that t n : 
L p '(K) r -> V'(G/N) r and 9 N : L P (K) C -> LP(G/7V) C are completely bounded, and 
hence 

t n ®9 n : V' {K) r ® p V{K) c -> l/(G/iV) r ® p L p (G/iV) c 
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is completely bounded, and thus forms a weakly completely bounded map tn<&8n 
K P (K) — > N P (G/N). Hence we consider the following commuting diagram. 



Pk 

M P (K) 



W(G/N) 

Pg/n 

A P (G/N) 



Since the top arrow is a weakly complete isometry, and the down arrows are both 
(weakly) complete quotient maps, we see that the bottom arrow must be a weakly 
complete contraction. 

We now place on tn(M p (K)) the operator space structure which makes tm ■ 
Aip(K) — > tn(A4 p (K)) a complete quotient map, hence a weakly complete quotient 
map. We wish to see that, in this capacity, tn(A4 p (K)) is a weakly contractive 
p-operator Segal ideal in A p (G/N). 

First, let ttn : G — > G/N be the quotient map. We observe that for u in A p (G/N) 
and v in A4 P (K) we have 



t n (v)(sN)u(sN) 



v(sn)u o 7r/v(sn) dn = tn(v u o ttn)(sN) 



N 



so tn(v)u = tn{v u o 7Tjv) G tn(-M p (K)), as u o ttn v G M p (K). Now consider the 
following commuting diagram where m is the completely contractive multiplication 
map promised by Lemma 13.51 and fa is the multiplication map promised above. 

— >M P {K) 



M P (K) ® Ap A p (G/iV) 



t n (M p (K)) 



rjv®id 

t n {M p (K))® Ap A p {G/N) 

Since the top arrow is a complete contraction, and the down arrows are weak 
complete quotient maps, the bottom arrow must be a complete contraction as well, 
hence extends to t n (M p (K))® p A P (G /N). 

From Theorem [2T6l (ii) we have that the map Q' M , K , : L 1 (G)<§ P M P (K) -> 
Sq(G) is a weakly complete surjection. Similarly, appealing also to the fact that 
tn{M p {K)) is a compactly supported weakly p-operator Segal ideal in A p (G/N), 
we have that Q' Tn{m {k)) : L 1 (G/N)^ p t n (M p (K)) ->■ S%(G/N) is a weakly com- 
plete surjection. 

The following diagram commutes, where the down arrows are weakly com- 
plete surjections by virtue of Theorem 12.61 (ii), and, additionally, the fact that 
Tjf{M p {K)) is a compactly supported weakly p-operator Segal ideal in A p (G/N). 



V-(G)® P M P {K) 



L\G/N)® p t n {M p {K)) 



Mp(K) 



r N (M p (K)) 



■S p (G/N) 



85(G) ~ N 

Since the top arrow is a complete quotient map, hence a weakly complete surjection, 
and the down arrows are weakly complete surjections, the same must hold of the 
bottom arrow. □ 



24 



SERAP OZTOP AND NICO SPRONK 



4. Discussion 

4.1. On containment relations. Let l<g<f><2or2<p<g , <oo. If G is 
amenable, then A P (G) C A q (G) contractively. See jTTJ Thm. C] and [551 Remark, 
p. 392]. Thus we have Ap(G) C A^(G) contractively (these ideals are defined in 
Section E21), and hence it follows that Sg(G) C Sq(G), boundedly. 

Since L P (G) is, isomorphically, a quotient of a subspace of a L 9 -space, PM p (G) 
can be endowed with a g-operator space structure, and thus so can A P (G). Hence, 
is the inclusion A p (G) C A q (G) completely bounded? 

If the answer to the above question is true, even in the weakly complete sense, 
then the adjoint gives a completely bounded map PM q (G) — > PM p (G). Thus, in 
the notation of the proof of Theorem 12.31 we should be able to prove that there is 
a completely bounded map £°°(G, V q (G)) — > £°°(G,V P (G)), which, when restricted 
to (kerQif)- 1 -, is the adjoint of the inclusion Sq(G) Sq(G). Hence we would see 
that the latter inclusion is weakly completely bounded. 

4.2. Fourier transform. Let G be abelian with dual group G. In [TT] it is shown 
that Sq(G) = Sq(G), via the Fourier transform F. Suppose p ^ 2. Is there a 
meaningful intrinsic characterisation of F(Sq(G)) as a subspace of Aa(G)? 
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